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Abstract— The recent development of small yet sophisticated
sensors has led to the development of smaller unmanned aerial
vehicles, especially in the form of quadrotor. When it is limited
by the availability of the reverse propellers, the conventional
quadrotor will no longer be realizable, and thus introducing the
4-standard-propeller (4SP) quadrotor design. This paper presents
a comprehensive nonlinear modeling of a 4SP quadrotor, and
the guidelines to design it. The advantages of constructing such
aircraft and its detailed working principle are first highlighted. A
nonlinear mathematical model is then derived based on the first-
principles approach. The model parameters are finally identified
and verified through actual flight tests.

Index Terms—Micro aerial vehicle, quadrotor, nonlinear
model, 4-standard-propeller quadrotor.

I. INTRODUCTION

The development of unmanned aerial vehicles (UAV) has
generated great interest in the automatic control area in the
last few decades. Throughout the history the UAV has been
an invisible player in military applications [1] and civilian
applications [2], usually used for surveillance, border pa-
trolling, mine detection, aerial delivery of payload, forest
fires monitoring, environmental protection, film production,
etc. Such vehicles have also received a growing interest from
many academic research institutes due to its high application
potential and research value [3][4][5].
As the technology advancement makes smaller yet smarter

electronic components and actuators possible, researchers are
shifting their attention towards the development of micro-aerial
vehicles (MAV), which are generally miniaturized UAVs. A
relatively new type of rotorcraft, the so-called quadrotor, has
slowly became the main focus in realizing the MAV concepts
due to its simplicity.
Similar to any rotorcrafts, quadrotor has the potential to

takeoff, hover, fly, and land, but in a much constrained and
smaller area. It has a simple control mechanism, where the
main actuators are the four independent propellers attached at
each corner of the aircraft body. For a standard quadrotor,
it consists of a pair of propellers rotating in the counter
clockwise direction (direction for standard propellers) and
another pair in the reverse direction to produce zero net yaw
torque. The afore-mentioned standard quadrotors have been
the subject of significant study since gaining the attention of
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Fig. 1. A 4-standard-propeller quadrotor

robotics researchers in the early 2000s. Numerous works has
been documented concerning the quadrotor dynamics and the
methods to regulate their flight [6].

In the event where the clockwise spinning propeller, which
is also known as the reverse or non-standard propeller, is
unavailable, several researchers have introduced an effective
solution by utilizing all four standard propeller, with two of
the propellers installed slightly slanted off the quadrotor’s
frame [7]. This alternative is particularly useful when cost
and dimension of the aircraft are the concerning factors, as
smaller reverse propellers are usually either unavailable or
rather expensive if specially manufactured. A quadrotor of
such configuration is shown in Fig. 1.

It is found that the development of such 4-standard-propeller
(4SP) quadrotor is, however, still immature in the market.
There are no firm clarification on the design parameters of such
aircraft, such as the optimal slanting angle of the propellers.
In this paper, we wish to provide the readers a guideline in
designing a 4SP quadrotor, with a fairly completed nonlinear
model of such aircraft is derived. Ultimately, the optimal
design parameter —slanting angle of the propellers will also
be proposed.

The paper is organized as follows. Section II discusses the
4SP quadrotor design and its working principle. Section III
presents the nonlinear dynamic modeling of the 4SP quadrotor,
while Section IV illustrates an optimal propellers orientation
design. Section V shows the parameters identification results
and model verification through computer simulation. Finally,
the major conclusions of the paper are drawn in Section VI.
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Fig. 2. Rotor number and body frame of 4SP quadrotor

Fig. 3. Left : Rotor 1 & Rotor 3; Right : Rotor 2 & Rotor 4

II. 4SP QUADROTOR DESIGN AND WORKING PRINCIPLE

A 4SP quadrotor consists of four standard propeller systems
in which all four of them spins at counter-clockwise direction,
as shown in Fig. 2. Here, the rotor numbers 1, 2, 3 and 4
correspond to the front, left, back, and right rotors. In order
to maintain a zero net yaw moment (rotation around z-axis),
propeller 2 and 4 are mounted slightly slanted along the x-axis
at an angle of α (see Fig. 3). Note that the magnitude of the
slanting angle, α, is the same for both propeller 2 and 4, but
in the opposite direction. The optimal design value of α will
be formulated in Section IV.
In hovering flight, the sum of rotational moments from

each rotor will be completely canceled out by the moment
due to the thrust components on x-axis of rotor 2 and rotor
4. While pitching or rolling, two opposite rotor will change
their rotating speed, with one increase and another decrease,
to create a non-zero net moment along the axes. As for yaw
angle movement, rotor 1 and rotor 3 will increase (decrease)
while rotor 2 and rotor 4 decrease (increase) to create yaw
moment. By adapting the value of α which will be discussed
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Fig. 4. Overview block diagram of the quadrotor model

later, one can assure that the four main movements — rolling,
pitching, yawing, and heave movement will be completely
independent of each other. In other words, the 4SP quadrotor
can be controlled similar to the convention quadrotor.

III. NONLINEAR MODELING OF 4SP QUADROTOR

A model overview block diagram of the 4SP quadrotor is
presented in Fig. 4. Note that the outputs are displayed on the
right of each block, while the inputs are shown on the left.
Common symbols and variables to be used in the derivation
are listed in Table I.

Symbols Descriptions

Pn Position vector in NED frame ≡ [
x y z

]T

Vb Velocity vector in body frame ≡ [
u v w

]T

Θ Euler angles ≡ [
φ θ ψ

]T

ω Angular velocity ≡ [
p q r

]T

A Area swipe by rotating propeller
CT Aerodynamic thrust coefficient
CQ Aerodynamic moment coefficient
δn Input to the n-th motor
G Gear ratio of motor to propeller
g Gravitational force
JXX Moment of inertia along x-axis
JY Y Moment of inertia along y-axis
JZZ Moment of inertia along z-axis
Jp Moment of inertia of single propeller
kT Thrust constant
kQ Moment constant
ki Current constant of motor
km Motor dynamics DC gain
kv Voltage constant of motor
l Length of a single quadrotor’s arm
m Mass of aircraft
ωm Natural frequency of motor dynamic
Ωn n-th propeller rotation rate
Qn Torque produced by the n-th propeller
Qm,n Torque of n-th motor
R Motor resistance
r Radius of the propeller
ρ Air density
Tn Thrust produced by the n-th propeller
Vn Voltage input to the n-th motor
ζm Damping ratio of motor dynamic

TABLE I

DESCRIPTIONS OF COMMON SYMBOLS IN THE MODEL
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A few assumptions are made in deriving the model:
1) The origin of the body frame is coincident with the

Center of Gravity (CG) of the 4SP quadrotor;
2) Axes of body frame coincide with body principal axes

of inertia, i.e. the moment of inertia of aircraft body, J,
is diagonal;

3) Propellers are assumed rigid due to its small size, i.e.
no blade flapping occurs.

A. Coordinate Systems

As a common practice of aeronautic analysis, two main
coordinate frames will be used in the derivation. One is the
North-East-Down (NED) frame and the other is the body
frame. The NED frame is stationary with respect to a static
observer on the ground, where axes point towards the North,
East and downwards direction. The body frame is placed at
the Center of Gravity (CG) of the quadrotor helicopter, where
its origin and orientation move together with the helicopter
fuselage. It is important to note that the x-axis pointed to the
front of the aircraft, the y-axis to the right of the aircraft, and
the z-axis pointed downwards in body frame (see Fig. 2).
The equations of motion are more conveniently formulated

in the body frame for a few reasons [8]:
1) The inertia matrix is time-invariant;
2) Quadrotor body symmetry can greatly simplify the equa-

tions;
3) Measurement obtained onboard are mostly given in body

frame, or can be easily converted to body frame;
4) Control forces are almost always given in body frame.

B. Kinematics

To obtain the translational and rotational motions between
the NED and the body coordinate systems, one has the
following well-known navigation equations [9][10]:

Ṗn = Rn/bVb, (1)

Θ̇ = S−1ω, (2)

where the rotational matrix, Rn/b, and the lumped transfor-
mation matrix, S−1 are given by

Rn/b =

[
cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ

cθsψ sφsθsψ + cφcψ cφsθsψ − sφcψ

−sθ sφcθ cφcθ

]
, (3)

S−1 =

[
1 sφtθ cφtθ

0 cφ −sφ

0 sφ/cθ cφ/cθ

]
, (4)

with s∗ = sin (∗), c∗ = cos (∗), and t∗ = tan (∗).
Note that the rotational matrix, Rn/b, is orthogonal, thus its

inverse is identical to its transpose, i.e., Rn/b
−1 = Rn/b

T .

C. 6 Degree-of-Freedom Rigid Body Dynamics

By using the Newton-Euler formalism which describe the
translational and rotational dynamics of a rigid-body, the
following two dynamics equations take into account of the
mass of the aircraft, m, and its inertia matrix, J.

mV̇b + ω × (mVb) = F, (5)

Jω̇ + ω × (Jω) = M, (6)

where F and M are the force and moment vectors acting on
the body. As mentioned in the previous section, the inertia
matrix, J, is diagonal, i.e.,

J =

⎡
⎣JXX 0 0

0 JY Y 0
0 0 JZZ

⎤
⎦ . (7)

D. Forces and Moments Generation

According to [8] and [11], the force and torque vectors are
contributed by four major sources. More specifically, they are
the gravitational force, the main movement inputs produced by
spinning rotors, its reaction torques, and the gyroscopic effects.
The gravitational force only affect the linear movement of the
quadrotor, while the reaction torques and gyroscopic moments
affect only the angular movement of the aircraft. As a result,
the force and moment vectors are divided into these parts, i.e.,[

F
M

]
=

[
Fgravity

0

]
+

[
Frotor

Mrotor

]

+
[

0
Mreaction

]
+

[
0

Mgyro

]
. (8)

1) Gravitational Force: The first component is the gravita-
tional force vector Fgravity given from the acceleration due
to gravity, g. As the gravitational force acts only on the z-axis
of the NED frame, by transforming it to the body frame, we
have

Fgravity = Rn/b
−1

⎡
⎣ 0

0
mg

⎤
⎦ =

⎡
⎣−mgsθ

mgcθsφ

mgcθcφ

⎤
⎦ . (9)

2) Rotor Movements: The forces and torques directly pro-
duced by the rotor movements contributed to most of the
forces and moments generated. For each of the rotating rotor, it
creates a thrust, Tn, and a torque, Qn, for n = 1, 2, 3, 4 along
its axis. From the aerodynamics consideration, the thrust and
torques created can be represented as

Tn = CT ρAr2Ω2
n, (10)

Qn = CQρAr3Ω2
n, (11)

where CT and CQ are the aerodynamic coefficients of the
propeller, ρ is the density of the air, A and r are the disc
area swept by the rotating rotor and the radius of the rotor
blade. Since the aerodynamic coefficients is almost constant
for small propellers, the equations can be simplified to

Tn = kT Ω2
n, (12)

Qn = kQΩ2
n, (13)

where kT and kQ can be obtained easily through some
experiments.
Differing from the conventional quadrotor, the total thrust of

the 4SP quadrotor is formulated as the summation of the thrust
components in z-direction of each rotor. More specifically,
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Fig. 5. Thrust decomposition for rotor 2 along x- and z-axis

since rotor 2 and rotor 4 are installed slanted towards the
positive and negative x-direction (see Fig. 5), we have

Frotor =

⎡
⎣ −sαT2 + sαT4

0
−(T1 + cαT2 + T3 + cαT4)

⎤
⎦ . (14)

Next, pitch and roll moments will be generated by the
component thrust difference of the opposing rotors, with roll
moments consist also the component moments by rotor 2 and
rotor 4 at x-axis, while the yaw moments is generated based
on the total component moments of each rotors at z-axis. The
moment vector will then be

Mrotor =

⎡
⎣ cαl(T2 − T4) + sα(Q2 − Q4)

l(T1 − T3)
Q1 + Q3 + cα(Q2 + Q4) − sαl(T2 + T4)

⎤
⎦ . (15)

Note that in the final equation, thrust Tn and moments Qn

should be written as kT Ω2
n and kQΩ2

n respectively. Here they
are left in this form due to space constraint.

3) Reaction Torques: Inertia counter torque, which is the
reaction torque produced by the change in rotational speed of
the rotor, is modeled as

Mreaction =

⎡
⎣ −Jp(sαΩ̇2 − sαΩ̇4)

0
−Jp(Ω̇1 + Ω̇3 + cαΩ̇2 + cαΩ̇4)

⎤
⎦ . (16)

4) Gyroscopic Effects: Gyroscopic moments, caused by the
combination of rotations of four propellers and the aircraft’s
body is commonly modeled in [12] and [13] as

Mgyro =
4∑

k=1

Jp

⎛
⎝ω ×

⎡
⎣0

0
1

⎤
⎦
⎞
⎠ (−1)kΩk, (17)

where Jp is the total rotational moment of inertia around the
propeller axis. Notice that, however, there are 2 major differ-
ences in the formulation between the conventional quadrotor
with the 4SP quadrotor. First, all propeller in the 4SP quadrotor
has the same counter-clockwise rotation. Second, two of the
rotors (rotor 2 and rotor 4) are installed slanted at α degree.
Here, we adopt a more general form of gyroscopic moment

generation, which is in the form of

Mgyro,n = Jp(ω × rn)Ωn, (18)

where rn is the unit vector pointed at the rotational axis of the
n-th propeller in body frame. As a result, the gyroscopic mo-
ments generated can be separated into 4 individual moments,
as shown below:

Mgyro,1 = Jp

⎛
⎝ω ×

⎡
⎣ 0

0
−1

⎤
⎦
⎞
⎠ Ω1,

Mgyro,2 = Jp

⎛
⎝ω ×

⎡
⎣−sα

0
−cα

⎤
⎦

⎞
⎠ Ω2,

Mgyro,3 = Jp

⎛
⎝ω ×

⎡
⎣ 0

0
−1

⎤
⎦
⎞
⎠ Ω3,

Mgyro,4 = Jp

⎛
⎝ω ×

⎡
⎣ sα

0
−cα

⎤
⎦

⎞
⎠ Ω4.

The total gyroscopic moments will then be the summation
of all 4 moments shown above, and thus its final form is given
by

Mgyro =[
Jp(−qΩ1 − cαqΩ2 − qΩ3 − cαqΩ4)

Jp(pΩ1 + (cαp − sαr)Ω2 + pΩ3 + (cαp + sαr)Ω4)
Jp(sαqΩ2 − sαqΩ4)

]
. (19)

E. Motor Dynamics

A standard DC motor with negligible inductance is com-
monly modeled in [14] as

Qm,n = ki

(
Vn − kvΩn

G

)
/R, (20)

Ω̇n =
GQm,n − Qn

Jp
. (21)

To simplify the model for the ease of parameter identifica-
tion, the motor dynamics can be written as a general second
order system, i.e.,

Ωn

δn
=

kmω2
m

s2 + 2ζmωm + ω2
m

. (22)

Noted that in Equation (22), δn is the normalized input to
the motor speed controller, with the following normalization
process,

δn =
un − 1100

840
, (23)

where un is the pulse width fed to the motor speed controller
in unit ms. In general, the minimum and maximum possible
pulse width to the motor speed controller is at 1100 ms and
1940 ms respectively.

IV. OPTIMAL PROPELLERS ORIENTATION DESIGN

As observed from the mathematical model derived in the
previous section, it is unclear if the movements are coupled.
For example, one might question if the roll input movement
induces yaw movement as there are 2 off-plane rotors. To
solve the movement coupling problem, we present in this
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Fig. 6. Thrust produced by each rotor

paper a guideline to design the slanting angle (α) for rotor 2
and rotor 4 such that the four major input movements to the
aircraft are completely decoupled.

Theorem 4.1 : In the 4SP quadrotor design, by assigning
the slanting angle for rotor 2 and rotor 4 as

α = tan−1 2kQ

lkT
, (24)

then the four major input movements to the aircraft (rolling,
pitching, yawing, and heave movement) will be completely
decoupled.

Proof : As in Fig. 6, T ∗ is the equilibrium value of the thrust
from each rotor to maintain hovering flight, with zero roll,
pitch, yaw, and heave movement. Notice that the trim value
T ∗ from rotor 2 and rotor 4 are the thrust component along
z-axis, and thus the real thrusts produced by the two rotors are
given by T ∗/cα, which are slightly larger. Notice also that the
relationship between the thrust produced, T ∗, and the moment
produced, Q∗, is given by a linear factor kT /kQ. Therefore for
a rotating rotor producing a thrust of T ∗ + t, it will produce
a moment of Q∗ + q where T ∗/Q∗ = t/q = kT/kQ holds.
One can verify easily that at hovering flight, i.e.

{δT1, δT2, δT3, δT4} = {0, 0, 0, 0}, net moments on the air-
craft body is⎡

⎣Mx

My

Mz

⎤
⎦ =

⎡
⎣Q∗tα − Q∗tα

0
4Q∗ − 2T ∗ltα

⎤
⎦ =

⎡
⎣ 0

0
4Q∗ − 2T ∗ltα

⎤
⎦ .

Thus by substituting tan α = 2kQ/lkT , the moments on the
aircraft body will be⎡

⎣Mx

My

Mz

⎤
⎦ =

⎡
⎣ 0

0
4Q∗ − 2T ∗l(2kQ/lkT )

⎤
⎦ = 0,

which says that the quadrotor will stay stationary.
Similarly, in the translational heave movement when

{δT1, δT2, δT3, δT4} = {t, t, t, t}, the moments vector is in
the same form as the one in hovering flight. Replacing T ∗

and Q∗ by T ∗ + t and Q∗ + q, it is also resulting in zero net
moments, showing that the aircraft will only translate along
the z-axis.
For yaw input movement, i.e. {δT1, δT2, δT3, δT4} =

{t,−t, t,−t}, the aircraft will have a zero heave movement
as the additional thrusts t and −t canceling one another. The
moment vector will be⎡

⎣Mx

My

Mz

⎤
⎦ =

⎡
⎣(Q∗ − q)tα − (Q∗ − q)tα

0
4Q∗ − 2(T ∗ − t)ltα

⎤
⎦ =

⎡
⎣ 0

0
4q

⎤
⎦ ,

which shows a pure yaw rotation.
As for pitch input movement, {δT1, δT2, δT3, δT4} =

{t, 0,−t, 0}. Again, heave direction will have zero net move-
ment, and the moment vector can be formulated as⎡

⎣Mx

My

Mz

⎤
⎦ =

⎡
⎣ Q∗tα − Q∗tα

l(T ∗ + t) − l(T ∗ − t)
4Q∗ − 2(T ∗)ltα

⎤
⎦ =

⎡
⎣ 0
2lt
0

⎤
⎦ ,

which is a pure pitch rotation.
Finally, we have the roll input movement, i.e.

{δT1, δT2, δT3, δT4} = {0, t, 0,−t}. Similar to the pitch
movement, the heave direction will have zero net movement.
The moment vector is formulated as[

Mx

My

Mz

]
=

[
(Q∗ + q)tα − (Q∗ − q)tα + l[(T ∗ + t)− (T ∗ − t)]

0
4Q∗ − [(T ∗ + t) + (T ∗ − t)]ltα

]

=

[
2qtα + 2lt

0
0

]
,

which is a pure rolling movement.
It can be seen from the above derivation that by designing

α = tan−1 2kQ/lkT , the roll, pitch, yaw and heave move-
ments of the aircraft are totally decoupled and hence can be
controlled like a conventional quadrotor.

V. PARAMETER IDENTIFICATION AND MODEL

VERIFICATION RESULTS

Several parameters in the model need to be identified,
either by measurements or estimated experimentally. The main
content of this paper is not on the parameter identification
methods, and thus they are only briefly described here:
1) m, l can be measured directly;
2) JXX , JY Y , JZZ can be obtained through the trifilar

pendulum method introduced in [15];
3) km, ωm, ζm can be estimated from test bench experi-

ments;
4) kT , kQ can be obtained by plotting the thrust and torque

produced against rotation speed of rotor;
5) Jp can be calculated Mathematically by approximating

the propeller as a rectangular shape.

A. Verification Results

The identified parameters are shown in Table II. In order to
evaluate on the fidelity of the obtained mathematical model,
two flight tests were carried out by injecting sinusoidal input
signal to the opposing rotors (first rotor 1 & rotor 3, then
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Parameter Value unit
g 9.781 ms−2

JXX 1.0574× 10−3 kgm2

JY Y 1.0574× 10−3 kgm2

JZZ 2.4234× 10−3 kgm2

Jp 3.1771× 10−6 kgm2

kT 1.294× 10−6 Ns2

kQ 1.095× 10−8 Nms2

km 524.1667
l 0.1675 m
m 0.235 kg
ωm 40 rad/s
ζm 0.6

TABLE II

PARAMETER IDENTIFIED
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Fig. 7. Responses from pitch angle perturbation

rotor 2 & rotor 4) to obtain the pitch and roll responses of
the 4SP quadrotor. Figs. 7 and 8 show the time response
of the pitch/roll angles and angular rates, together with the
normalized input signal, δn. Note that the dotted lines are the
simulation results calculated by MATLAB using the nonlinear
model derived in the previous sections, while the solid lines
are the measurements by the onboard sensors. The results has
shown that the derived nonlinear mathematical model matches
the real model, up to a rather high degree of accuracy, within
the frequency range of interest (approx. 1 Hz).

VI. CONCLUSION

In this paper, the design and mathematical modeling of
a 4SP quadrotor is discussed. Such 4SP configuration will
be a good solution for quadrotor design when its dimension
and cost are the main constrains. The working principle of
the 4SP quadrotor is analyzed and a nonlinear model of
the quadrotor is derived and formulated. Lastly, an optimal
propellers orientation design is proposed to decouple the main
input movements of the aircraft, which are respectively the
rolling, pitching, yawing, and heave movements. One of such
4SP configuration quadrotor has been realized, and a few flight
tests has been carried out to verify the finding.
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