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Abstract— Unmanned aerial vehicle (UAV) and Chinese cal-
ligraphy seem like two completely unrelated subjects in today’s
world. UAV, as one of the most advanced technology to date, has
gathered much attention lately due to its potentially unlimited
applications. Contrarily, Chinese calligraphy is one of the most
beautiful and ancient calligraphy art originally developed from
China many thousand years ago. Today in this manuscript,
we present to you the art of autonomous calligraphy writing
with UAVs. The proposed UAV calligraphy system is able to
trace the user handwritten inputs, and then execute the writing
by mimicking the user handwriting with four autonomous
UAVs. This manuscript details the design considerations and
implementation process of such a system. The UAV calligraphy
system was perform in Singapore Airshow 2014. Robustness
and reliability of the system has been well tested, and high
performance can be seen from the resulting calligraphy writing.

I. INTRODUCTION

Driven by the advancement in processing power of tiny
micro-processor, the unmanned aerial vehicle (UAV) research
has reached a new horizon where they are getting smaller
in size but smarter. Many researchers have shifted their
attention from the usual UAV to small scale or miniature
UAV development [1] [2]. Due to their small size and light
weight, these UAVs are capable of maneuvering indoors for
the various missions or tasks. In the environment where GPS
signal is not available, e.g. indoor environment, visual based
navigation is usually utilized [3] [4] to estimate the relative
distance of the UAV from its original position. Researchers
from the University of Pennsylvania were one of the first few
group to utilize the Vicon motion tracking system to measure
the UAV in a confined space [5]. Once the localization issue
of the indoor UAV is solved, control and navigation problem
such as trajectory generation can be handled [6] [7] [8] [9]
[10].

Chinese calligraphy is one of the finest of all Chinese
traditional arts. It is an inseparable part of Chinese his-
tory, and its delicate aesthetic appreciation are commonly
considered to be unique among all calligraphic arts [11].
In this manuscript, we proposed to combine this traditional
Chinese art together with the modern development of UAV, to
perform what we called UAV calligraphy (see Fig. 1). Prior
to our development, many researchers have investigated the
generation of strokes of Chinese characters in simulation [12]
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Fig. 1: UAV calligraphy performance in Singapore Airshow

[13]. To the best of our knowledge, there are, however, no
research or successful example of calligraphy writing with
any aircraft or flying machine. The closest example sees the
development of an omnidirectional ground vehicle to perform
calligraphy writing [14], while most of the development in
automated calligraphy writing was realized with robotic arms
[15] [16].

We have identified a few challenges in realizing au-
tonomous UAV calligraphy writing. In our work, we need
to incorporate the UAV’s dynamics in path generating and
thus it increases computational complexity and loads to the
calligraphy writing system. The second challenge occurs in
decoding of user handwriting to the information recognized
by the machine. Besides a simple graphical interface for user
handwritten input (see Fig. 2), a sophisticated algorithm is
needed to extract important turning points of the handwritten
character. Lastly, the mechanical design of the calligraphy
brush and its connector to the UAV poses an important
challenge to us. Unlike the robotic arm, the force applying
to the calligraphy brush during writing will be reflected
back to the airborne UAV, and thus affects its stability.
A sophisticated UAV control scheme needs to be revised,
together with a creative design of the calligraphy brush to
make the system work with as little disturbance as possible.

The implemented UAV calligraphy system is first intro-
duced to the public in Singapore Airshow 2014. Our team
from the National University of Singapore, has realized four
UAVs writing four different Chinese characters simultane-
ously. The handwriting tracing system is also proven to work
well as the public handwritten input is sketched by the UAVs
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Fig. 2: Graphical interface for user handwriting input

Fig. 3: Custom made calligraphy brush and holder

on the spot.
This manuscript documents the design architecture and the

implementation procedure of the UAV calligraphy system.
Section II details the design and implementation of the
hardware needed to realized UAV calligraphy. Controls and
implementation on the UAV will be discussed in Section III.
Section IV and Section V shows the handwritten character
strokes tracing and trajectory generating. Results of the UAV
writing calligraphy will be shown in Section VI, while
Section VII gives concluding remarks of our work.

II. HARDWARE SETUP

The UAV calligraphy system is able to work on any
miniature self-stabilized UAV in general. In our project
realization, quadrotor UAVs with high orientation control
bandwidth are utilized. The high bandwidth enables a fast
tracking outer-loop controller to be designed, as will be
shown in Section III later.

To realize calligraphy writing, a calligraphy brush together
with the holding mechanism is customized. The full overview

design of the brush can be visualized in Fig. 3. A linear
bearing is included at the base of the brush holder, while a
shaft attached to the brush passes through and is locked to
the bearing. The installation of such a mechanism enables

1) A free low-friction linear movement along z-direction
of the brush with reference to the UAV above it. This
reduces the disturbance to the airborne UAV resulted
from the contact between the calligraphy brush and the
writing board.

2) The calligraphy brush can be rotated freely along z-
axis, resulting smooth and natural writing along an arc
or circular drawing.

Next, an accurate position sensor is needed for each
quadrotor to track the generated trajectory precisely. A Vicon
motion sensing system is set up for this purpose. Working
principle of the system has been previously documented
in [17]. In this project, a total of 36 Vicon cameras are
installed to the system to provide object position estimation
with a resolution up to 0.001 mm. With such accuracy,
the performance of the UAV calligraphy boils down to its
trajectory tracking and position control accuracy, which will
be discussed next.

III. UAV CONTROL SYSTEM

For UAV calligraphy, flight performance of the controlled
platform is the main concern to be addressed. Here, the UAV
control problem is decomposed into two layers, namely the
attitude stabilization layer and the position tracking layer
(see Fig. 4). The former involves the design of an inner-
loop controller which makes sure the UAV roll, pitch and
yaw dynamics are robustly stable. The latter position tracking
layer involves the design of an outer-loop controller which
enables the UAV to track any smooth 3-D trajectory in a
responsive and precise way.

In this work, the quadrotor inner-loop controller is imple-
mented onboard with a PX4FMU multi-rotor controller de-
veloped by PIXHAWK ETH. It is an all-in-one open source
electronic board capable of sensing, filtering, processing and
servo driving. By following the software framework of this
board, a simple inner-loop controller is implemented and
tuned towards fast closed-loop dynamics. As large amounts
of work about quadrotor stability control have been published
in literature, we will not elaborate it again in detail here.

However, the design of the outer-loop controller is critical
for the application of UAV calligraphy due to the stringent
requirements on position tracking. Unlike other UAV ap-
plications in which only the steady-state position tracking
performance is to be ensured, while a loose transient tracking
is acceptable, UAV calligraphy needs the actual position of
the UAV to track the reference trajectory at every instance
as close as possible. The robust and perfect tracking (RPT)
control concept from [18] perfectly fits this requirement.

Similar to the case introduced in [22], the outer dynamics
of our quadrotor UAV is differentially flat, meaning all its
state variables and inputs can be expressed in terms of
algebraic functions of flat outputs and their derivatives. A
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Fig. 4: Dual-loop control structure of the quadrotor

proper choice of flat outputs is

σ = [x,y,z,ψ ]T. (1)

It can be observed that the first three outputs, x, y, z,
are totally independent. In other words, we can consider the
UAV as a mass point with constrained velocity, acceleration
and its higher derivatives in the individual axis of the 3-D
global frame when designing its outer-loop control law and
generating the position references. Hence, a stand-alone RPT
controller based on multiple-layer integrator model in each
axis can be designed to track the corresponding reference
in that axis. To achieve a good tracking performance, it
is common to include an error integral to ensure zero
steady-state error. This requires an augmented system to be
formulated as
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where xaug =
[
∫

(pe) pr vr ar p v
]T

with pr, vr, ar

as the position, velocity and acceleration references in the
controlled axis, p, v as the actual position and velocity and
pe = pr−p as the tracking error of the position. By following
the procedures in [19], a linear feedback control law of the
following form can be acquired:

uaug = Faugxaug, (3)

where

Faug =

[

kiω2
n

ε3

ω2
n + 2ζωnki

ε2

2ζωn + ki

ε

1 −
ω2

n + 2ζωnki

ε2 −
2ζωn + ki

ε

]

.

Here, ε is a design parameter to adjust the settling time
of the closed-loop system. ωn,ζ ,ki are the parameters that
determine the desired pole locations of the infinite zero
structure of (2) through

pi(s) = (s+ ki)(s
2 + 2ζωns+ω2

n). (4)

Theoretically, when the design parameter ε is small
enough, the RPT controller can give arbitrarily fast re-
sponses. However, in real life, due to the constraints of the
UAV physical dynamics and its inner-loop bandwidth, it is
safer to limit the bandwidth of the outer loop to be much
smaller than that of the inner-loop dynamics. For our case,
the following design parameters are used:

x,y :















ε = 1
ωn = 1.772
ζ = 0.5
ki = 0.2

, z :















ε = 1
ωn = 2.089
ζ = 0.66
ki = 0.23

.

IV. HANDWRITING EXTRACTIONS

In order to perform regression and rebuild a flyable
reference trajectory, the original user input is sampled by
finding the more meaningful points. Here, the meaningful
points refer to the starting/ending and the turning points
where they usually form the skeleton of the handwriting.
To determine the turning points in a sequenced 2-D points
set, a split-and-merge algorithm is applied to divide these
2-D points into individual line segments. The turning points
will then be assigned to the endpoints of these line segments
[20]. The original sequenced 2-D points set is acquired by
recording user’s handwritten input through a tablet. They
are sorted in the chronological order and sent to the ground
station for turning point extractions.

The algorithm is illustrated in Fig. 5. The sequence of the
split-and-merge algorithm is as follows:

1) Connect the first point A and the last point B.
2) Find point C among all data points that has the longest

perpendicular distance to line A-B.
3) If this longest distance is within a threshold, then a

cluster is created containing points between A and B.
4) Else, the input points will be split into two sub-groups,

A-C and C-B. For each sub-group, the split-and-merge
algorithm will be called recursively.

5) The algorithm stops when all longest distance fall
inside the preset threshold.

Finally, the algorithm will return all the endpoints of
the resulted point-sub-groups in their original chronological
order. All these endpoints are used to run a B-spline based
regression to generate a reference trajectory under the con-
straints of UAV dynamic.
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Fig. 5: Split-and-merge sequence on continuous line seg-
ments

V. MINIMUM JERK TRAJECTORY PLANNING

In order to achieve a smooth response from the vehicle,
a minimum jerk trajectory is naturally considered. We have
divided the minimum jerk trajectory planning problem into
three different parts. Starting with the normalization of
the uniform B-spline, followed an approach to solve the
minimum jerk trajectory problem with numerical quadratic
programming. Then, an optimal time segmentation algorithm
is introduced to further optimize the flight time of the UAV.
Both the minimum jerk trajectory and the flight time of the
UAV will be optimized iteratively, until a converged local
minimal solution is reached.

A. Normalized Uniform B-Spline

The base of the B-splines has been defined in [21] as a
recursive function

Ni,0(u) =

{

1, if ui ≤ u < ui+1,
0, otherwise.

(5)

Ni,p(u) =
u− ui

ui+p − ui
Ni,p−1(u)

+
ui+p+1 − u

ui+p+1− ui+1
Ni+1,p−1(u), (6)

where Ni,p(u) is the basis function of the generally defined B-
splines and [u0,u1,u2, ...] forms the knot vector of B-splines.
Normalization of the uniform B-spline will thus produce the
knot vector [0,1,2,3, ...].

In order to arbitrarily specify the boundary conditions in
our system, a cubic clamped normalized uniform B-spline
is proposed. This customized B-spline has a knot vector in
the form of [0,0,0,0,1,2,3, ...,m− 1,m,m,m,m], where the
first three and the last three bases corresponding to the vector
elements of 0 and m are for the initial and the final conditions
of the desired trajectory. Note that in our case, m = M − 1,
and thus the knot vector has M + 6 terms. From Equation
(5), we could easily deduce the different basis accordingly.

The general cubic clamped spline function can be written
in the form of

S3(t) = v(t) =
M+5

∑
i=0

τiFi,3(t), τi ∈ R, (7)

where τi denote the trajectory points to be optimized, Fi,3

are the customized spline bases derived from the normalized
spline.

B. Minimum Jerk Trajectory: Quadratic Programming

We can now formulate the problem of the minimum jerk
trajectory based on the clamped normalized uniform B-
spline. The formulation of the problem is similar to the
documented works in [22] and [23]. If a set of sampled data
points is given as

D = {di ∈ R : i = 1, ...,N},

T = {ti ∈ R : i = 1, ...,N}, (8)

where D is the set of 1-D trajectory data points, T is the set
of time indicating at what time each of the above data points
are reached, and N is the total number of trajectory points
to be optimized, then, the minimum jerk trajectory will be
achieved by minimizing the criterion function

J = wg

∫ ∞

−∞
v2(t)dt +

N

∑
i=1

(S3(ti)− di)
2, (9)

where wg is a weighting factor, and

v(t) =
M+5

∑
i=0

d3

dt3 τiFi,3(t), τi ∈ R, (10)

is the third derivative of the spline function.
It is further shown in [24] that

∫ ∞
−∞ v2(t)dt can be ex-

pressed as the form of τT Gτ , where τ = [τ0,τ1, ...,τM+5]
T,

and G can be calculated explicitly. More specifically, the
elements in G are

gi, j = α5

∞
∫

−∞

F(3)
i,3 (t)F (3)

j,3 (t)dt, (11)

where α =(M+6)/Ttrue and Ttrue = tend−tini is the total time
of the trajectory. On the other hand, by letting

H =











F0,3(αt1) F1,3(αt1) ... FM+5,3(αt1)
F0,3(αt2) F1,3(αt2) ... FM+5,3(αt2)

...
...

. . .
...

F0,3(αtN) F1,3(αtN) ... FM+5,3(αtN)











, (12)

we can express the second term of J as

N

∑
i=1

(S3(ti)− di)
2 = (Hτ − d)T(Hτ − d), (13)

with d = [d1,d2, . . . ,dN ]
T. Note that the dimension of vector

τ and d are M+ 6 and N respectively.
Now, the minimization of the criterion function in Equa-

tion (9) can be reformulated as

Jmin = min
τ

{

wgτTGτ +(Hτ − d)T(Hτ − d)
}

. (14)
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This is a typical quadratic optimization problem which
could be solved efficiently using off-the-shelf optimization
solvers such as quadprog from Matlab or CPLEX from IBM.
Reformulating the equation, we get

Jmin = min
τ

{

τT(wgG+HTH)τ − 2dTHτ + dTd
}

. (15)

Note that wgG+HTH is always positive semi definite which
guarantees a unique minimum of the quadratic programming
problem. Now, in order to constraint the derivatives, we
first express the derivatives of the trajectory. Taking the first
derivative of the B-spline trajectory, we have

dS3(t)
dt

=
M+4

∑
i=0

ηiFi+1,2(t), (16)

where

ηi =
3

ti+4 − ti+1
(τi+1 − τi). (17)

According to [25], to limit maximum and minimum value
of the derivative trajectory, a sufficient condition is to let

Ṡ3,min ≤ ηi ≤ Ṡ3,max, ∀i = {0,1, ...,M+ 4}. (18)

Since here we are focusing on the constraint of acceleration,
the second order derivative of the original trajectory is
examined. We can then project the acceleration constraints
into the constraints of control points vector τ as

S̈3,min ≤ Liτ ≤ S̈3,max, ∀i = {0,1, ...,M+ 5}, (19)

where Li denotes the i-th row of L. Here L can be calculated
easily from Equation (16). To satisfy the boundary condition,
one should fix the first three and last three elements of τ .
This could be easily formed as an equality constraints of the
form

Aeqτ = beq, (20)

where

Aeq =







I3 0 0

0
. . . 0

0 0 I3






.

Equations (15), (19), and (20) form a typical convex
quadratic programming problem which can be solved nu-
merically in an efficient manner [26].

C. Optimal Time Segmentation

For many cases, especially in our application, the vector T
is either not explicitly given or the sampled data does not fit
the dynamic of the vehicle. Therefore, it is necessary to re-
segment the time vector T while iteratively minimizing the
jerk trajectory. Let Ti = ti+1 − ti be the new programmable
variables, then a new optimization problem is formulated as

min f (T), s.t. Ti > 0, (21)

where f (T) is the optimal solution to Equation (15) for time
segment T = [T1,T2, . . . ,TN−1]

T. This problem can be solved

(a) i love SG (Singapore)

(b) yi ma dang xian

Fig. 6: Samples of the UAV calligraphy results

via a gradient descent method [22] by calculating the gradient
vector of f numerically as

∇ f =
f (T+ hgi)− f (T)

h
, (22)

where h is an arbitrary small number, gi is a perturbation
vector with two choices: If the total time to finish the
trajectory is allowed to change then gi is designed such that
its i-th element is 1 and all the others are 0; If the total time
is fixed, then gi is designed such that its i-th element is 1
and all the others are −1

N−2 . This is to make sure the ∑gi = 0
so that the total trajectory time remains the same. With the
numerically obtained gradient, the gradient descent method
is performed using backtrack line search.

By automatic time resegmentation, the trajectory is further
smoothen. It is now more suitable for UAV to perform
precision tracking. Time resegmentation has also been proven
in our results that it can improve the interpolation accuracy
of the generated trajectory.

VI. FLIGHT TEST RESULTS

In our implementation, the UAV trajectories are generated
pre-flight by running a set of MATLAB codes implementing
the proposed trajectory planning algorithm. Then, a MAT-
LAB Simulink program is constructed to acquire position and
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Fig. 7: Position tracking of the UAV
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Fig. 8: Velocity tracking of the UAV

velocity measurements from the Vicon system and execute
the outer-loop control law in real time. ZigBee telemetry
system is used to transmit and receive data between the UAV
on-board avionics and the ground station.

In the testing environment, a graphical interface which
allows user handwritten input is presented in Windows
Surface Pro (see Fig. 2). The interface was developed with
MATLAB and it is able to transmit user input wirelessly from
the Surface to the ground station. The whole UAV calligraphy
system has been tested with various arbitrary handwritten
inputs. Calligraphy flight performances of public inputs to
the system via the Surface were demonstrated live to the
audience during Singapore Airshow 2014 held in Changi
Exhibition Centre, Singapore. In the system setup during the
Airshow, four UAVs are commanded to write four different
characters at the same time. Reliability and robustness of
the whole system has been well tested throughout the entire
Airshow duration of 6 days. Several examples of the written
words are shown in Fig. 6.

Besides the visual results, flight tests data were also logged
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(b) Generated reference and its response

(c) Writing result

Fig. 9: Sequence of processing

for observation and possible improvement. Fig. 7 shows
the x-, y- and z-axis position tracking results during one
of the flight test. In general, the UAV is able to perform
trajectory tracking almost perfectly, as a result of the RPT
controller used in the outer-loop control. However, off-sets
were observable on z-direction when the UAV descended to
certain height due to the ground effect of the UAV from the
writing pad.

Fig. 8 shows the velocity references and the corresponding
responses during calligraphy writing. The benefit of the
RPT controller is clearly shown here as the UAV not only
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tracks its trajectory well, but also has good velocity control
performance. Finally, three diagrams of the Chinese character
Cheng are shown in Fig. 9. The first diagram shows the
user handwritten input via the Surface software interface
we have created. The second diagram shows the generated
path (dotted line) of the UAV based on B-spline optimization
incorporated with UAV dynamics, while the solid line shows
the UAV trajectory response. The final diagram shows the
result of the UAV calligraphy on the writing board. The
results are satisfying.

VII. CONCLUSIONS

In this manuscript, we have proposed a UAV calligraphy
system which can apply to any miniature UAV aircraft.
The system will trace user handwritten input, and then
command the UAV to write it out autonomously. Several
important aspects and design consideration of such a system
are discussed in the previous sections. Hardware modification
is first introduced such that the UAV has the required tools
to perform UAV calligraphy. Then, a sophisticated trajec-
tory tracing and planning algorithm is discussed in detail,
which forms the core of this manuscript. Lastly, controller
implementation and flight test results were shown in the
later sections. The reliability and robustness of the UAV
calligraphy system are well tested in Singapore Airshow
2014.
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